Life-threatening arrhythmias such as ventricular tachycardia and fibrillation often occur during acute myocardial ischemia. During the first few minutes following coronary occlusion, there is a gradual rise in the extracellular concentration of potassium ions (͓K ϩ ͔ 0 ) within ischemic tissue. This elevation of ͓K ϩ ͔ 0 is one of the main causes of the electrophysiological changes produced by ischemia, and has been implicated in inducing arrhythmias. We investigate an ionic model of a 3 cmϫ3 cm sheet of normal ventricular myocardium containing an ischemic zone, simulated by elevating ͓K ϩ ͔ 0 within a centrally-placed 1 cmϫ1 cm area of the sheet. As ͓K ϩ ͔ 0 is gradually raised within the ischemic zone from the normal value of 5.4 mM, conduction first slows within the ischemic zone and then, at higher ͓K ϩ ͔ 0 , an arc of block develops within that area. The area distal to the arc of block is activated in a delayed fashion by a retrogradely moving wavefront originating from the distal edge of the ischemic zone. With a further increase in ͓K ϩ ͔ 0 , the point eventually comes where a very small increase in ͓K ϩ ͔ 0 ͑0.01 mM͒ results in the abrupt transition from a global period-1 rhythm to a global period-2 rhythm in the sheet. In the peripheral part of the ischemic zone and in the normal area surrounding it, there is an alternation of action potential duration, producing a 2:2 response. Within the core of the ischemic zone, there is an alternation between an action potential and a maintained small-amplitude response ͑ϳ30 mV in height͒. With a further increase of ͓K ϩ ͔ 0 , the maintained small-amplitude response turns into a decrementing subthreshold response, so that there is 2:1 block in the central part of the ischemic zone. A still further increase of ͓K ϩ ͔ 0 leads to a transition in the sheet from a global period-2 to a period-4 rhythm, and then to period-6 and period-8 rhythms, and finally to a complete block of propagation within the ischemic core. When the size of the sheet is increased to 4 cmϫ4 cm ͑with a 2 cmϫ2 cm ischemic area͒, one observes essentially the same sequence of rhythms, except that the period-6 rhythm is not seen. Very similar sequences of rhythms are seen as ͓K ϩ ͔ 0 is increased in the central region ͑1 or 2 cm long͒ of a thin strand of tissue ͑3 or 4 cm long͒ in which propagation is essentially one-dimensional and in which retrograde propagation does not occur. While reentrant rhythms resembling tachycardia and fibrillation were not encountered in the above simulations, well-known precursors to such rhythms ͑e.g., delayed activation, arcs of block, two-component upstrokes, retrograde activation, nascent spiral tips, alternans͒ were seen. We outline how additional modifications to the ischemic model might result in the emergence of reentrant rhythms following alternans. Heart attack, a leading cause of death in the industrialized world, is most often caused by a reduction in the flow of blood to the heart muscle "''myocardial ischemia''…, typically as a result of blockage of one or more of the coronary arteries "''coronary occlusion''…. When the ischemic episode is sufficiently long and intense, cardiac muscle dies "''myocardial infarction''…. However, an individual can sometimes die within the first few minutes following the onset of ischemia "''sudden cardiac death''…, before heart cells have a chance to die. Death in this situation is due to a disturbance in the rhythm of the heartbeat "''cardiac arrhythmia''… that renders the pumping action of the ventricles ineffective. It has been known for many years that during acute myocardial ischemia this phase of malignant reentrant ventricular arrhythmias "especially ventricular tachycardia and fibrillation… is often preceded by a phase in which there is a beat-to-beat alternation in the electrical activity of the heart "''electrical alternans''…. It has been suggested that alternans is the result of a supercritical period-doubling bifurcation, while fibrillation might be chaotic behavior resulting from a subsequent cascade of period-doubling bifurcations as the ischemia becomes more profound. However, the exact nature of any causal relationship between alternans and fibrillation has not yet been demonstrated. Due to the rapid progression of events during ongoing myocardial ischemia, it is very difficult to sort things out in experimental work. We have therefore used numerical simulations with a spatially-distributed ionic model of ischemic ventricular muscle to investigate more exactly what happens as ischemia progresses. While we find that alternans and higher-order rhythms occur in the model as ischemia progresses, we have not been able to produce sustained spiral-wave activity corresponding to reentrant arrhythmias such as ventricular tachycardia and fibrillation. Nevertheless, we do see several of the other phenomena that commonly occur just before such arrhythmias make their appearance.
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I. INTRODUCTION
Beat-to-beat alternation of the morphology of the electrocardiogram, electrogram, or transmembrane potential ͑''electrical alternans''͒ has consistently been associated with ventricular arrhythmias in several different situations. 1, 2 In particular, there is considerable clinical evidence that alternans is a frequent occurrence during episodes of acute myocardial ischemia. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] There is also overwhelming experimental evidence for electrical alternans during ischemia. 5, 6, 9, 12, The onset of alternans is very rapid, typically occurring within the first few minutes following coronary artery occlusion, and ventricular arrhythmias, including premature beats and ventricular tachycardia and fibrillation, often start soon after the onset of alternans. The close temporal association of alternans with arrhythmias has led to the suggestion that alternans-perhaps of an amplitude too small to be detected by the naked eye on the electrocardiogram-be monitored as a harbinger of the impending arrhythmias.
2,5,9,12,13,32,37-40 Indeed, there is now a device commercially available that quantifies the degree of occult alternans present in the electrocardiogram using power spectral analysis in an attempt at risk stratification. 41 Despite the close temporal relationship of alternans with arrhythmias, it is not clear whether there is any direct causal relationship-i.e., whether the alternans is inseparably involved in generating the arrhythmias or is merely an epiphenomenon having little or nothing to do with the induction or maintenance of the arrhythmias. Particularly intriguing in this context is the fact that various alternans rhythms have been associated with supercritical period-doubling bifurcations in several other situations in cardiac electrophysiology not involving ischemia, and that a cascade of such perioddoubling bifurcations can result in chaotic cardiac dynamics. [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] In addition, the marked irregularity of ventricular fibrillation has naturally lead to deliberation on whether or not it might be chaotic, 38, [52] [53] [54] [55] [56] perhaps being a manifestation of multiple-spiral-wave chaos. [57] [58] [59] [60] [61] However, the fundamental mechanisms underlying ischemic alternans are still to a large extent unknown. Because of the somewhat intractable problems inherent in addressing alternans and arrhythmias in experimental work ͑lack of stationarity and reproducibility of phenomena during ongoing acute myocardial ischemia, difficulty of recording transmembrane potential from many sites on a fine spatial scale without artifact, inability to record intercellular flows of current͒, we decided to carry out a numerical study using an ionic model of ventricular muscle from which these drawbacks are expressly excluded.
II. METHODS
Ischemic ventricular arrhythmias are caused by alterations in the normal electrophysiological properties of ventricular muscle. These changes include depolarization of the resting membrane potential, fall in the overshoot potential and action potential amplitude, shortening of the action potential duration, slowing of the upstroke velocity and the conduction velocity, and the appearance of post-repolarization refractoriness ͑for reviews see Refs. 62, 63͒. These abnormalities are caused by the effects on ionic currents of several disturbances produced by ischemia: e.g., hypoxia, acidosis, increased extracellular potassium concentration. [62] [63] [64] Perhaps the single most important factor is the increase in extracellular potassium concentration (͓K ϩ ͔ 0 ) which can go from the normal value of ϳ4-5 mM to as high as ϳ15 mM in the core of the ischemic zone within the first few minutes following coronary occlusion. 65, 66 At all sites within the ischemic zone, there is a high correlation between the degree of electrophysiological impairment and the local rise in ͓K ϩ ͔ 0 ͑e.g., compare Fig. 4 in Ref. 67 with Figs. 7 and 8 in that paper͒. In addition, regional coronary artery perfusion with a high K ϩ solution mimics much of the behavior seen during acute myocardial ischemia, including alternans and ventricular arrhythmias. 66, 68, 69 We decided therefore, as in previous work, 70 to model the ischemic ventricle as a two-dimensional sheet of normal myocardium with an area of elevated ͓K ϩ ͔ 0 embedded within its interior to represent the ischemic zone.
The first step in modeling is to choose a particular ionic model of normal ventricular muscle from the many models now available ͑see, e.g., the list in Ref. 70͒ . We have avoided using one of the more recent ''second-generation'' models that have the sodium-potassium pump, the sodium-calcium exchanger, and internal calcium handling since there are complications with this class of models involving long-term drifts of ionic concentrations [71] [72] [73] and degeneracy of equilibria. 74, 75 We have selected the Luo and Rudy ͑LR͒ first-generation model 76 largely because it has ͓K ϩ ͔ 0 as a parameter, which is essential for our modeling of the ischemic zone.
One deficiency of the LR model, which is carried over from the Beeler-Reuter model from which it was derived, is that one can obtain unphysiologic spike-like action potentials of extremely brief duration at a relatively long diastolic interval when the stimulus amplitude is low. This artifact occurs because the time constant for activation of the calcium current (I s ) is about an order of magnitude too large in the LR model. To minimize this artifact, which can manifest itself when excitability is low in an area of elevated ͓K ϩ ͔ 0 , we have decreased the time constant for the activation of I s ( d ) by a factor of 10, which then puts it into the physiologic range. 70, 77 This modification reduces the action potential duration ͑measured from upstroke to Ϫ60 mV on the repolarizing limb of the action potential͒ in the standard LR spaceclamped model when paced at a basic cycle length of 400 ms from ϳ290 ms to ϳ237 ms, which is within the range of values encountered in normal ventricular tissue paced at that basic cycle length in human beings [78] [79] [80] and in the species most commonly used in experimental work on ischemic arrhythmias. 23, 29, 30 We have used the equations appearing in Table I and the body of the text of Luo and Rudy ͑1991͒,   76 together with RT/Fϭ26.5 mV.
We model a two-dimensional sheet of isotropic ventricular muscle by the two-dimensional cable equation,
where V is the transmembrane potential ͑mV͒, x and y are spatial coordinates in the sheet ͑cm͒, is the bulk cytoplasmic resistivity ͑0.2 k⍀-cm͒, S is the surface-to-volume ratio ͑5000 cm Ϫ1 ), C m is the specific membrane capacitance ͑1 F cm Ϫ2 ), t is time ͑ms͒, and I ion is the total ionic current 2 /⌬tϾ4D͔ is satisfied. This integration scheme results in a planar-wave propagation velocity from infinite-rest initial conditions of 55 cm s Ϫ1 , which increases by 13% to 62 cm s Ϫ1 when a 2.5 fold finer space-time discretization grid is used (⌬tϭ0.01 ms and ⌬xϭ⌬yϭ0.01 cm͒. The maximum upstroke velocity from infinite-rest initial conditions is 343 V s Ϫ1 . Simulations were carried out on Pentium Pro ͑200 MHz͒ and SiliconCray Origin 2000 machines using programs written in C ͑ϳ16 significant decimal places͒.
III. RESULTS
We investigate the propagation of the action potential in a 3 cmϫ3 cm square of ventricular muscle ͑120ϫ120 numerical grid͒ with a centrally placed 1 cmϫ1 cm ischemic zone ͑grid-points 40 to 80 in both directions͒. Stimulation of this quiescent sheet is provided by injecting a periodic train of current pulses ͑amplitudeϭ300 A cm Ϫ2 Хtwice diastolic threshold, durationϭ1 ms͒ into the column of elements along the left-hand edge of the sheet at a basic cycle length ͑BCL͒ of 400 ms, which is in the middle of the range of pacing intervals typically employed in experimental work on ischemic arrhythmias ͑300-500 ms͒. 18, 21, [29] [30] [31] [32] 37 A series of simulation runs was made, with ͓K ϩ ͔ 0 in the ischemic area being increased on each new run. Initial conditions were obtained at each new ͓K ϩ ͔ 0 by setting the variables in both the normal and ischemic areas equal to their corresponding space-clamped steady-state values and then allowing 1000 ms to pass to allow time for equilibration towards the asymptotic steady-state rest condition, at which time the first stimulus pulse was injected.
A. 1:1 rhythm with orthograde propagation
For ͓K ϩ ͔ 0 not too high, the action potential propagates throughout the entire sheet. Figure 1͑A͒ shows the activation map of the transmembrane potential V at four different times with ͓K ϩ ͔ 0 ϭ12.0 mM in the ischemic zone ͑dark red corresponds to the most depolarized potential, dark blue to the most hyperpolarized: see the color-bar map at the extreme right in Fig. 1͒ . At tϭ10 ms (tϭ0 ms corresponds to the start of delivery of the tenth stimulus pulse at BCLϭ400 ms͒ the activation wavefront, which is traveling as a plane wave, has not yet reached the ischemic area ͓the leftmost panel of Fig.  1͑A͔͒ . As the wavefront penetrates into the ischemic zone ͓the centrally-placed slightly depolarized area in light blue in Fig. 1͑A͔͒ , the conduction velocity falls, causing the activation wavefront to become curved ͓Fig. 1͑A͒: tϭ30 ms͔. This decrease in conduction velocity is associated with a reduced amplitude and upstroke velocity of the action potential ͓action potentials a,b,c in Fig. 2͑A͒ are taken from the corresponding locations in Fig. 1͑A͔͒ . These two effects are in turn caused by the K ϩ -induced depolarization of the resting membrane potential ͓RMP in Fig. 2͑B͔͒ and subsequent resting inactivation of the fast inward sodium current. The increasing depolarization of the resting membrane potential as the proximal edge of the ischemic zone is approached and traversed causes a gradual fall in the overshoot potential ͑OS͒, the peak voltage attained by the action potential ͓Fig. 2͑B͔͒. The action potential amplitude ͑the difference between OS and RMP͒ thus also gradually falls in the border zone ͑a thin annular region spreading out on both sides of the . Activation maps showing that activation of a part of the distal end of the ischemic zone is markedly delayed. The wavefronts propagating in the normal area above and below the ischemic zone now retrogradely invade it in an encircling movement. ͑C͒ Period-2 rhythm (͓K ϩ ͔ 0 ϭ13.45 mM in ischemic zone). The activation maps in the upper row pertain to the conducted beat ͓as in ͑A͒, ͑B͔͒, while those in the lower row pertain to the blocked beat in which the core of the ischemic zone remains unexcited. A repolarization wave expands out from this unexcited area. The rhythm is 2:1 in the unexcited core of the ischemic area, and 2:2 outside of this area.
normal/ischemic boundary͒ as the ischemic zone is approached and entered ͓Fig. 2͑B͔͒. Indeed, one even begins to see two-component upstrokes of the action potential towards the center of the ischemic zone ͓Fig. 2͑A͒: trace c͔. The action potential duration ͑APD͒ also shortens significantly within the ischemic zone ͓Fig. 2͑A͔͒. However, as the distal edge of the ischemic zone is approached, the reverse process occurs, with a gradual recovery of resting membrane potential, overshoot potential, action potential amplitude, APD, and conduction velocity back to their normal values as the distal border zone is traversed ͓Fig. 2͑B͔͒. There is therefore decremental conduction as the wavefront invades the ischemic zone and incremental conduction as it leaves.
Thus, for ͓K ϩ ͔ 0 sufficiently small, the sheet as a whole displays a global 1:1 activation pattern, with any given location on the sheet being activated on each beat at a fixed latency ͑''activation time''͒ following the stimulus pulse. The maximum value of the activation time within the ischemic zone occurs at the central part of the distal edge, where it is ϳ40 ms ͓Fig. 1͑A͒: tϭ40 ms͔.
B. 1:1 rhythm with retrograde propagation
As ͓K ϩ ͔ 0 is raised further beyond 12 mM, the conduction velocity progressively falls within the ischemic zone, but the global 1:1 activation pattern is maintained. However, there eventually comes a point where there is a change in the activation sequence within the ischemic zone. Figure 1͑B͒ shows the situation at ͓K ϩ ͔ 0 ϭ13.39 mM: there is still a global 1:1 rhythm, but the activation wavefront that had previously successfully propagated through the ischemic zone at a lower ͓K ϩ ͔ 0 ͓e.g., 12.0 mM in Fig. 1͑A͔͒ is blocked within the ischemic zone, creating an arc of conduction block ͓Fig. 1͑B͒: tϭ30 ms and tϭ40 ms͔. The amplitude of the action potential gradually falls as it travels within the ischemic zone, until only a residual small-amplitude response remains ͑the first upward deflection in trace c of Fig. 3͒ . An area within the ischemic zone, with its center lying just to the right of the center of the ischemic zone ͓Fig. 1͑B͒: tу40 ms͔, is now activated by two wavefronts that merge and retrogradely invade the ischemic zone across its right-hand border, after traveling initially in the normal myocardium above and below the ischemic zone ͓tϭ40 ms in Fig. 1͑B͔͒ . A third source of stimulation current to this area is the part of the depolarized area surrounding this core that was activated earlier in the orthograde fashion. As time proceeds, this unexcited core area shrinks in size very slowly ͓Fig. 1͑B͒: bottom row of panels͔, being activated in a very delayed fashion ͓maximum activation time of ϳ100 ms in Fig. 1͑B͒ versus ϳ40 ms in Fig. 1͑A͔͒ , producing the slowly rising action potential following the small-amplitude response in trace c of Fig. 3 . Delayed activation is almost invariably seen during experimental work on ischemia, and is responsible for producing a fractionated electrogram at sites within the ischemic zone. 16, 19, 27, 28, 30, 81, 82 
C. Alternans
As ͓K ϩ ͔ 0 is increased further, there is eventually a sudden loss of the global 1:1 activation pattern. For the first time, there are now elements of the sheet that no longer respond to each stimulus with an action potential. The central core of the ischemic zone is activated only on alternate beats, resulting in a local 2:1 response. The two rows of panels in Fig. 1͑C͒ show activation maps on alternate beats at ͓K ϩ ͔ 0 ϭ13.45 mM ͑top row: conducted beat; bottom row: blocked beat͒. On both the conducted and blocked beats, the action potential decrements in amplitude as it enters and traverses the proximal part of the ischemic zone ͓traces a, b in Fig. 4͑A͒ and Fig. 4͑B͒ , respectively͔, as during 1:1 rhythm ͓Figs. 1͑A͒, 1͑B͒, 2, 3͔. However, there is a greater degree of decrement for the blocked beat than for the conducted beat ͓compare the two activation maps at tϭ35 ms in in size with increasing penetration into the ischemic zone to the point where only a barely noticeable subthreshold electrotonic response remains ͓trace c in Fig. 4͑B͔͒ . Note that this occurs despite the fact that the distal edge of the ischemic zone is again invaded by a wavefront traveling in the retrograde direction, as with the conducted beat. Indeed, during the period of time corresponding to that during which the central area is being activated by an inwardly moving wave of depolarization on the conducted beat ͓top row of The size of the area of 2:1 block is perhaps best appreciated from the ''maximum voltage map,'' which gives the maximum transmembrane voltage ͑which is the overshoot potential when the response is an action potential͒ attained during the course of one pacing cycle at each location. Figures 4͑A͒ and 4͑B͒ ͑bottom panels͒ show this map for the ischemic zone alone ͑i.e., not for the entire sheet͒ on alternate beats. Figure 4͑B͒ ͑bottom panel͒ shows that there is a large area of the ischemic zone that remains unexcited on the blocked beat, remaining at its resting potential of about Ϫ60 mV, with decremental propagation into that area from the surrounding annular area. As ͓K ϩ ͔ 0 increases in the range over which 2:1 block occurs, there is a growth in the size of this area of 2:1 block.
Note that there is a marked beat-to-beat alternation of action potential morphology at location b in Fig. 4 . We refer to this as a 2:2 response, since the behavior is periodic in time with the repeating unit consisting of two stimuli and two action potentials of different morphologies. Inspection of the voltage waveform at locations increasingly to the right of location b reveals that the degree of alternation increases, with the smaller of the two action potentials gradually falling in size. Eventually, this action potential is extinguished, terminating in a subthreshold response that decays in size as the center of the ischemic core is approached. At some location that depends on one's arbitrary definition of an action potential, the 2:2 response is thus replaced by a 2:1 response. Conversely, as one examines locations increasingly to the left of b, the degree of alternation gradually becomes less pronounced ͑see, e.g., location a in Fig. 4͒ . Indeed, 1.25 mm away from the left edge of the sheet ͑i.e., 8.75 mm from the left-hand boundary of the ischemic zone͒, the difference in APD of the two action potentials is only 8 ms. Thus, a cursory examination of voltage traces at a site sufficiently to the left of location a in a sheet with a large enough normal area surrounding the ischemic area might lead to the misinterpretation that a 1:1 response is present, since closer inspection would reveal a very slight degree of alternation. In a sheet of infinite size, one would recover the 1:1 response in the limit of the measurement site being infinitely far away from the ischemic core.
The transition to 2:1 block in the ischemic core ͓Figs. 1͑C͒, 4͔ occurred abruptly, given that a 1:1 rhythm was seen at a value of ͓K ϩ ͔ 0 only 0.06 mM lower ͓Figs. 1͑B͒, 3͔. While a direct transition from 1:1 rhythm to 2:1 rhythm with no intervening rhythms has been described in periodically FIG. 4 . Period-2 rhythm (͓K ϩ ͔ 0 ϭ13.45 mM in the ischemic zone). Action potentials ͑top row͒ and maximum voltage map ͑bottom row͒ for the conducted beat ͑A͒ and the blocked beat ͑B͒ of Fig. 1͑C͒ . The traces obtained at sites a and b exhibit a 2:2 rhythm ͑i.e., alternans͒, which is more obvious at location b, which lies in the normal area just to the left of the proximal edge of the ischemic zone ͓see the leftmost panel in Fig. 1͑A͒ or 1͑B͒ for site locations͔. The core of the ischemic zone ͑site c͒ displays a 2:1 rhythm. The maximum voltage map gives the highest voltage reached at each point within the ischemic zone ͑not the entire sheet͒ during the 400 ms of the pacing cycle. There is a 2:1 rhythm in the core of the ischemic zone, with a 2:2 rhythm in the surrounding area.
driven single rabbit ventricular cells and in the spaceclamped LR model, 83 the transition can also be indirect, with Wenckebach [84] [85] [86] or alternans 87, 88 rhythms being seen before the 2:1 rhythm makes its appearance. We therefore went back and investigated the transition from period-1 to period-2 rhythm in the sheet more closely. This transition is very abrupt, being seen when ͓K ϩ ͔ 0 is raised by as little as 0.01 mM. Figure 5͑A͒ shows the maximum voltage map of the period-1 rhythm seen at ͓K ϩ ͔ 0 ϭ13.39 mM ͓Fig. 1͑B͔͒, while Fig. 5͑B͒ shows the maximum voltage map on alternate beats of the period-2 rhythm encountered at ͓K ϩ ͔ 0 ϭ13.40 mM. During this period-2 rhythm, the response in the core of the ischemic area is not a 2:1 rhythm, since on alternate beats the maximum voltage in that area is about Ϫ30 mV ͓the top panel of Fig. 4͑B͔͒ , and not the resting membrane potential of ϳϪ60 mV as in the 2:1 response of Fig. 4 ͑where ͓K ϩ ͔ 0 is only slightly higher at 13.45 mM͒. The time-course of the transmembrane potential in the core of the ischemic area on this beat is very similar to that of the first deflection seen in trace c of Fig. 3 . While this waveform resembles a subthreshold deflection, and not an action potential, it does not decrement electrotonically with distance as does the classic subthreshold response, but rather is maintained in size and shape over a distance of several space constants ͓the upper panel of Fig. 5͑B͔͒ . We term this response the ''maintained small-amplitude response.'' Given that this response is not a decrementing one as in Fig. 4͑B͒ , one has a 2:2 rhythm in the ischemic core-and everywhere else in the sheet. When ͓K ϩ ͔ 0 is raised to 13.45 mM, the 2:2 rhythm in the core of the ischemic zone converts into a 2:1 rhythm ͓Figs. 1͑C͒, 4͔, which persists to ͓K ϩ ͔ 0 ϭ13.69 mM. Note also that the maximum voltage during 1:1 rhythm ͑which corresponds to the overshoot potential͒ just before the transition to period-2 rhythm ͓Fig. 5͑A͔͒ is less than the overshoot potential of the action potential during 2:2 rhythm just after the transition ͓the lower panel of Fig. 5͑B͔͒ .
In summary, as ͓K ϩ ͔ 0 is raised from 13.39 to 13.40 mM the sheet as a whole makes a transition from a global period-1 rhythm to a global period-2 rhythm with each element in the sheet responding with a period-2 rhythm. Outside the ischemic core, propagating action potentials of two different morphologies can be identified on alternate beats. Within the ischemic core, one instead finds a maintained small-amplitude response on alternate beats. Further elevation of ͓K ϩ ͔ 0 in the ischemic zone to 13.45 mM results in this response decaying electrotonically, producing an area of 2:1 block within the ischemic core ͓Figs. 1͑C͒, 4͔.
D. Higher-order rhythms
The period-2 response with a 2:1 block in the ischemic core persists to ͓K ϩ ͔ 0 ϭ13.69 mM. Increasing ͓K ϩ ͔ 0 by only 0.01 mM to 13.70 mM results in the 2:1 response in the core being abruptly replaced with a 4:1 response. Figure 6 shows the action potential waveforms and the corresponding maximum voltage maps for the four beats of the period-4 cycle. For three of the four beats of the cycle the action potential decrements to the point where it vanishes, leaving at most a barely discernable subthreshold response at location c ͑the bottom three rows of Fig. 6͒ and a core of unexcited myocardium ͑maximum voltage maps in the rightmost column of Fig. 6͒ .
Examination of the voltage waveform at locations between sites a and c reveals that there is a transformation ͑''spatial bifurcation''͒ 38 of the local rhythm with increasing penetration into the ischemic zone. At sites a and b, a 4:4 rhythm is seen ͑the first two columns of Fig. 6͒ . As one moves deeper into the ischemic zone, the first action potential to drop out is the one in the second row of Fig. 6 , thereby producing a local 4:3 rhythm. As one moves still deeper into the ischemic zone, the second action potential to drop out is the one in the last row, resulting in a local 4:2 response. The third and last to die out is the one in the third row, producing a 4:1 rhythm ͑e.g., site c: third column of Fig. 6͒ . This order of dropout is also reflected in the relative sizes of the areas of block for the respective beats ͑see voltage maximum maps of the ischemic area in the extreme-right column of Fig. 6͒ . The sequence of rhythms observed locally as one traverses the ischemic zone is thus ͕4:4→4:3→4:2→4:1͖. Bifurcations are not involved in this sequence; rather there is a change in a quantity corresponding to the winding number or rotation number in periodically stimulated limit-cycle oscillators. 89 Again, the 4:4 rhythm might be mistakenly identified as 1:1 rhythm ͑or perhaps 2:2 rhythm͒ in an area sufficiently remote from the central area of 4:1 block.
The period-4 rhythm exists for ͓K ϩ ͔ 0 ϭ 13.70-13.72 mM. A further increase in ͓K ϩ ͔ 0 results in a transition to a period-6 rhythm, with 6:1 block in the central ischemic core, for ͓K ϩ ͔ 0 ϭ13.729-13.733 mM. As with the period-4 rhythm, there is a sequence of local rhythms seen as the ischemic area is traversed ͕6:6→6:5→6:4→6:3→6:2→6:1͖. Raising ͓K ϩ ͔ 0 by 0.001 mM to 13.734 mM results in a period-8 rhythm, with 8:1 block in the core ͑to identify this higher-order rhythm, it is necessary to inject ϳ50 stimuli͒. Finally, when ͓K ϩ ͔ 0 is raised by another 0.001 mM to 13.735 mM, there is a complete block in the ischemic core ͑i.e., no action potentials make it through͒, which agrees with the experimental finding that inexcitability occurs for ͓K ϩ ͔ 0 Ͼ13.5 mM. 66 At a value of ͓K ϩ ͔ 0 where there is complete block, one can see a 1:0, 2:0, or 4:0 rhythm, [90] [91] [92] depending on the precise value of ͓K ϩ ͔ 0 . In a 2:0 or 4:0 rhythm, the size of the subthreshold deflection is not invariant from beat to beat ͑2:0 rhythms have been recorded during ischemia-see, e.g., Fig. 5 of Ref. 6͒.
Our results over the range of ͓K ϩ ͔ 0 that we have investigated are summarized in the first two columns of Table I . In brief, as ͓K ϩ ͔ 0 in the ischemic zone is raised from its normal value of 5.4 mM up to 14 mM, one sees the following series of transitions: period-1 rhythm with orthograde transmission through entire ischemic zone→period-1 rhythm with retrograde transmission through a distal part of the ischemic zone →period-2 rhythm ͑2:2 response in the ischemic core followed by a 2:1 response͒→period-4 rhythm→period-6 rhythm→period-8 rhythm→rhythms of complete block.
An obvious question is whether a different sequence of rhythms would be seen if the size of the sheet were to be changed. Due to the heavy computational requirements, we have investigated in detail only one other size of sheet: a 4 cmϫ4 cm sheet with a 2 cmϫ2 cm ischemic area. In that case we see essentially what we have reported above, with the sole exception being that the period-6 rhythm is not seen; instead there is a transition from period-4 to period-8 rhythm as ͓K ϩ ͔ 0 is raised from 13.460 to 13.465 mM.
E. Role of retrograde activation wavefront
As ͓K ϩ ͔ 0 is raised, the first abnormality reported above was a slowing of anterograde conduction within the ischemic zone ͓Fig. 1͑A͔͒. The next abnormality noticed was a departure from the normal activation sequence, with retrograde propagation and markedly delayed activation of a distal part of the ischemic zone ͓Fig. 1͑B͔͒. At this level of ͓K ϩ ͔ 0 , there is a long delay ͑ϳ50 ms͒ from the peak of the first deflection in trace c of Fig. 3 to the action potential upstroke ͓this can also be appreciated from the very long time that it takes the circle of unexcited tissue to become excited in the lower row of panels in Fig. 1͑B͔͒ . Note that by tϭ50 ms ͓Fig. 1͑B͔͒ the two activation wavefronts traveling upwards and downwards in the normal area to the right of the ischemic area ͓Fig. 1͑B͒: tϭ40 ms͔ have already merged; indeed, they have almost exited the sheet. However, at that time, the small-amplitude response at location c is still present ͑Fig. 3: trace c͒. The very long delay in the region of delayed activation is presumably due to a combination of the FIG. 6 . Period-4 rhythm (͓K ϩ ͔ 0 ϭ13.7 mM). Transmembrane potential ͑at same three sites as in Fig. 1͒ and maximum voltage maps on the four beats of the period-4 cycle. The beat shown in the first row is the conducted beat; the other three beats are blocked, each at a different point along the conduction pathway ͑see the text for a further description͒.
very small amount of inward current available at this depolarized potential 93 and geometrical effects due to the high curvature of the activation wavefront. 94 The existence of three spatially-separated sources of excitation current ͑one anterograde, two retrograde͒ makes an analysis of what is happening in Fig. 1͑B͒ very difficult. In particular, a natural question is whether this complicated spatial behavior is somehow involved in generating the bifurcation sequence reported above. We therefore simplified the situation by cutting away large areas at the top and bottom of the sheet, including the entire normal area above and below the ischemic zone, thus obliterating the source of the retrograde wavefront. This surgery leaves a thin strand of tissue 3 cm long and only 1.25 mm wide, with normal tissue at its left-and right-hand ends, and ischemic tissue in its middle.
As ͓K ϩ ͔ 0 is raised in the strand, one again has a 1:1 rhythm for ͓K ϩ ͔ 0 sufficiently low. Unlike the case with the sheet ͓Fig. 1͑B͔͒, during 1:1 rhythm there is now always at most one activation wavefront present in the strand, making its way from left to right ͑again with decremental conduction as it enters the proximal border zone and incremental conduction as it leaves the ischemic zone͒. There is once again an abrupt transition to period-2 rhythm as ͓K ϩ ͔ 0 is raised by the almost infinitesimal amount of 1 M from 13.104 to 13.105 mM. During this period-2 rhythm, there is a 2:2 response consisting of alternating action potentials in the lefthand area of normal tissue. The degree of alternation increases with increasing penetration into the ischemic zone, until, within the ischemic core, the smaller of the two action potentials eventually converts into the maintained smallamplitude response, as in the sheet ͓the top panel of Fig.  5͑B͔͒ . However, unlike the case in the sheet, there is now incremental conduction out of the ischemic core, with the maintained small-amplitude response gradually turning into a full-fledged action potential. This results in the appearance of a second disjoint area of alternating action potentials just distal to the ischemic core, with the degree of alternation gradually decreasing as the ischemic zone is exited. This 2:2 exit response is not seen in the sheet, presumably because the incremental conduction in the anterograde direction does not have time to develop before the enveloping retrograde invasion occurs.
When ͓K ϩ ͔ 0 is raised to 13.20 mM in the strand, the maintained small-amplitude response within the proximal part of the ischemic core gradually turns into a decremental subthreshold response with increasing penetration into the ischemic core, so that one finally ends up with a 2:1 response within the distal end of the ischemic area. Since incremental conduction out of the ischemic core now vanishes, a 2:1 response is also found within the right-hand normal area distal to the ischemic zone. A further increase in ͓K ϩ ͔ 0 results in the period-2 rhythm being replaced successively with period-4, period-6, period-8, and complete-block rhythms, as in the sheet, but with each particular range of rhythms occurring at a slightly lower ͓K ϩ ͔ 0 than in the sheet ͑Table I͒. We believe that this difference occurs because the retrodradely invading wavefront and the two wavefronts moving in the surrounding normal area inject extra stimulation current into the ischemic zone, thus postponing the onset of block in the sheet with respect to the strand. The fact that we see the same sequence of periodicities over virtually the same ranges of ͓K ϩ ͔ 0 in the sheet and in the strand leads us to conclude that retrograde conduction is not absolutely crucial in generating the particular periodicities seen in the sheet. A similar correspondence holds in the computations made in a 4 cm long strand ͑with a 2 cm long ischemic area͒ cut out of the 4 cm ϫ4 cm sheet: i.e., period-1, 2, 4, and 8 rhythms followed by complete block seen in both sheet and strand, with the transition from period-4 to period-8 rhythm occurring as ͓K ϩ ͔ 0 is raised from 13.412 to 13.416 mM. All of the results in the strand given above were taken from the asymptotic behavior in runs in which 64 stimuli were injected.
F. Reentrant rhythms
Based on the fact that alternans often precedes arrhythmias ͑see the references in the Introduction͒, we were eagerly anticipating the induction of reentrant arrhythmias at the point that ͓K ϩ ͔ 0 was raised to a level somewhat higher than that at which alternans first emerged. This expectation was reinforced when retrograde activation ͑''concealed reentry''͒ and arcs of conduction block, which are often harbingers of reentry, were seen within the ischemic zone during alternans rhythm in Fig. 1͑C͒ ͓and indeed even before that point, during 1:1 rhythm with retrograde activation, Fig.  1͑B͔͒ . In addition, the arc of block effectively breaks the activation wavefront into two separate fragments, creating two free-ends resembling incipient spiral-wave tips ͓e.g., Fig. 1͑B͒ : tϭ40 ms͔. Should the right-hand part of the ischemic zone be out of its refractory period at the point that these two nascent spiral tips arrive at its distal margin, one can imagine that they would merge and perhaps successfully propagate retrogradely through the ischemic zone all the way to its proximal border. Upon emerging into the normal area to the left of the ischemic zone, two wavefronts would then circulate around the ischemic area traveling in the anterograde direction within the normal areas above and below the ischemic zone, thus initiating a figure-of-eight reentrant rhythm. The above scenario is based on results recently obtained in a modeling study on the effect of fast pacing when the LR model is modified to produce an APD that is much shorter than that used in the present study ͑see Fig. 7 of Ref.
70͒. However, we found that the ischemic zone did not come out of refractoriness soon enough to allow this to occur in either the 3 cmϫ3 cm sheet or the 4 cmϫ4 cm sheet.
IV. DISCUSSION

A. Primary and secondary alternans
Beat-to-beat alternation of action potential morphology can be seen in situations in which spatial factors are clearly not involved: e.g., a single ventricular cell 87, 88, 95, 96 or an ionic model of isopotential ventricular membrane. 87, 97, 98 In these cases, the excitation current injected into the cell is maintained constant from beat to beat by artificial external means, and there are no adjacent cells to act as sources or sinks of coupling current. This form of alternans, which is an inherent property of isopotential or space-clamped mem-brane, has been referred to as ''primary'' 99 or ''intrinsic'' 100 alternans. Primary alternans is the normal response of multicellular ventricular muscle to fast pacing, 35, 45, [101] [102] [103] [104] [105] [106] and there is considerable evidence that the main requirement for obtaining primary alternans is a sufficiently steep APD restitution curve at short recovery intervals. 43, 46, 104, [107] [108] [109] In contrast, the alternans of action potential morphology seen in our simulations can be considered to be ''secondary'' or ''extrinsic,'' since there is a concurrent beat-to-beat alternation in the flow of intercellular current into and out of the site at which alternans in the action potential morphology is seen ͑e.g., at location b in Fig. 4 or Fig. 5͒ .
Over a hundred years ago Gaskell suggested that mechanical alternans in multicellular tissue could be accounted for by a situation in which there is a subpopulation of cells responding in an abnormal 2:1 fashion, while the rest of the cells display their usual 1:1 rhythm. 110 Gaskell's original scenario of 1:1 and 2:1 subpopulations is played out in a cellular automaton type of model incorporating spatial dispersion of refractory period where there are discrete elements with no electrotonus. 111 In one of the two different period-2 rhythms that we see in the sheet, there are two subpopulations of cells, one with a 2:2 response, the other with a 2:1 response ͓Figs. 1͑C͒, 4͔. This form of alternans is thus a variant of that proposed by Gaskell, with his 1:1 response being replaced, because of electrotonic coupling, by our 2:2 response ͑which asymptotically becomes a 1:1 response infinitely far from the center of the ischemic area͒. The other form of period-2 rhythm that we see in the sheet is maintained over an extremely narrow range of ͓K ϩ ͔ 0 and consists of an alternation between a full-sized action potential and the maintained small-amplitude response ͑Fig. 5͒. We are not aware of any prior descriptions of alternans involving this small-amplitude response, which occurs when there is just barely enough inward current available to support a propagating response.
The prolongation of the refractory period and flattening of the APD restitution curve known to be induced by ischemia 29, 79, 112 would mitigate against the development of primary alternans ͑an acidosis-induced flattening of the mechanical restitution curve has also been described͒. 95 However, work on single rabbit ventricular cells, 83 aggregates of embryonic chick ventricular cells, 47 and the isopotential LR model 83 shows that the transition from 1:1 rhythm to primary alternans seen at high stimulus amplitude is replaced by a direct transition to 2:1 rhythm when the stimulus amplitude is reduced. This occurs essentially because the refractory period is made longer, so destroying the steeper part of the APD restitution curve that is essential to the development of primary alternans. 83 It is therefore possible that during ischemia there will be a direct transition to 2:1 block in a subpopulation of cells that would then induce secondary alternans in neighboring cells. In contrast to the above argument, it has also been suggested that ischemia changes the shape of the APD restitution curve in such a fashion so as to promote primary alternans during ischemia ͑see The electrophysiological mechanisms underlying alternans in ischemic ventricular muscle are yet to be fully determined. In particular, it is not clear whether there is an obligatory region of 2:1 block somewhere in the ventricles during ischemic alternans, as in Fig. 1͑C͒ and Fig. 4 , since there are several reports on ischemic alternans that make no mention of 2:1 block. However, in virtually all of those cases, either a measurement is made at only one site in the ventricle or the summated activity of ventricular muscle is recorded in the electrogram or electrocardiogram. There is thus no guarantee in those instances that there is not a site of 2:1 block somewhere else in the ventricle. Indeed, unless one makes transmural recordings at multiple sites, one cannot rule out the existence of a region of 2:1 block. Nevertheless, in one report in which activation mapping was made on a fine spatial scale during ischemic alternans, there was indeed a 2:1 response in the center of the ischemic region, with the largest degree of alternation in the unipolar electrogram being seen only 3 mm away, along the border of the ischemic zone ͑Fig. All of the simulations reported on above have been conducted at one fixed BCL ͑400 ms͒. At that BCL, ͓K ϩ ͔ 0 must be raised considerably above the normal level of 5.4 mM to obtain alternans. However, we expect that primary alternans would occur in our model at normal ͓K ϩ ͔ 0 should a BCL shorter than 400 ms be used:-in fact, we then expect it to occur in the normal area, since, as mentioned above, primary alternans is the normal response of healthy multicellular ventricular muscle to fast pacing, and sustained alternans can be seen at a shorter BCL in the space-clamped version of our modified version of the LR model ͓the alternans described in the original LR space-clamped model ͑Fig. 19 of Ref. 76͒ is a transient͔. In a recent modeling study using a differently modified version of the LR model, it was found that fast pacing could induce primary alternans in a two-dimensional sheet. 113 In another recent study in which fast pacing was used to induce alternans and arrhythmias in the non-ischemic ventricle, there was no mention made of 2:1 block being seen at any of the 128 epicardial recording sites, which suggests the presence of primary alternans. 105 There is also evidence that an intrinsic primary alternation of internal Ca ϩϩ levels, particularly during ischemic conditions, can induce alternans in membrane potential, by, e.g., involving Ca ϩϩ -activated currents and the Na ϩ -Ca ϩϩ exchanger. 29, 95, [114] [115] [116] [117] [118] This view is bolstered by the fact that adding agents that decrease internal Ca ϩϩ levels ͑e.g., ryanodine, 96, 103, 115, 119 caffeine, 96, 103, 115, 116, 119 and calciumchannel blockers 102, 120 ͒ abolishes or markedly reduces the alternans produced by pacing nonischemic tissue at a fast rate. Ischemic alternans and the incidence of ventricular arrhythmias are also reduced or abolished by administration of a Ca ϩϩ -channel blocker. 8, 28, 34, 114, [121] [122] [123] However, since Ca ϩϩ -channel blockers reduce the slope of the APD restitution curve, 106 they may be acting to abolish or reduce alternans through a mechanism involving APD restitution. There is also evidence supporting a role for intracellular Ca ϩϩ -cycling in alternans and arrhythmia in an animal model for the long-QT syndrome. 118 To investigate electrical alternans induced by an intrinsic alternation in internal Ca ϩϩ dynamics would necessitate using a ''second-generation'' model incorporating Ca-activated currents and the Na ϩ -Ca ϩϩ exchange current. However, before this can be done, problems associated with degeneracy 74, 75 and long drifts 70, 72, 73 in this class of model will have to be worked out.
B. Bifurcation from period-1 to period-2 rhythm
There have been several different bifurcation routes implicated in different instances of the transition from period-1 to period-2 rhythm in cardiac tissue. The transition from 1:1 rhythm to primary alternans that occurs as BCL is decreased ͑or to other forms of alternans͒ 49, 51 has typically been associated with a supercritical period-doubling bifurcation on a one-dimensional map in both experimental and modeling work. 43, 46, 58, 89, 97, 104, [107] [108] [109] 124, 125 When the period-doubling bifurcation is supercritical, there is a gradual growth in the alternans amplitude from zero as the BCL ͑the bifurcation parameter͒ is decreased. However, analysis of onedimensional maps obtained from consideration of the APD restitution curve suggests that alternans can also arise at a nonzero amplitude as the result of a saddle-node bifurcation of period-doubled orbits. 108, 124 In one of these two reports, the unstable period-doubled branch produced in this bifurcation terminates in a subcritical period-doubling bifurcation involving the period-1 orbit ͓Fig. 5͑A͒ of Ref. 124͔. In the other case, this unstable branch terminates in another saddlenode bifurcation of period-doubled orbits, the stable member of which terminates in a supercritical period-doubling bifurcation involving the period-1 orbit ͓Fig. 8͑B͒ of Ref. 108͔. In addition, a direct transition from 1:1 to 2:1 rhythm has been seen at an intermediate stimulus amplitude in single rabbit ventricular cells and the original LR space-clamped model. 83 This direct ͕1:1→2:1͖ transition can be accounted for by a two-branched discontinuous map, with a stable period-1 orbit on the left-hand branch of the map corresponding to 1:1 rhythm, and a second stable period-1 orbit on the right-hand branch corresponding to 2:1 rhythm ͑see Fig. 9 of Ref. 83͒. The discontinuity in the map arises because of the essentially all-or-none nature of excitation.
As ͓K ϩ ͔ 0 is raised in our study, immediately upon the transition from period-1 to period-2 rhythm, one sees a beatto-beat alternation within the ischemic core between an action potential and the maintained small-amplitude response, both in the strand and in the sheet ͑Fig. 5͒. One possibility is that this is a smooth transition generated by a supercritical period-doubling bifurcation, which, just beyond the bifurcation point, would generate a rhythm consisting of two alternating action potentials of arbitrarily close morphology within the ischemic core. However, we have not found any evidence for such a smooth transition using an increment in ͓K ϩ ͔ 0 as small as 0.001 mM in the strand. Thus, the more likely possibility is that the transition involves a subcritical period-doubling bifurcation, or some sort of effectively discontinuous transition, as in the direct ͕1:1→2:1͖ transition mentioned just above.
C. Bistability
In each of our runs at a given ͓K ϩ ͔ 0 , stimulation was started from one set of initial conditions approximating steady-state rest conditions at that ͓K ϩ ͔ 0 . There is now much evidence in a variety of experimental and modeling situations that 2:1 rhythm can be bistable with either 1:1 or 2:2 rhythm. 43, 47, 83, 87, 108, [125] [126] [127] In addition, a 2:2 rhythm can sometimes be bistable with a 1:1 rhythm 97, 124 or with a second 2:2 rhythm. 107, 108, 124 Thus, an investigation should be carried out to establish whether bistability exists here. The probable existence of bistability complicates carrying out a definitive characterization of the bifurcation structure, imposing an extremely heavy computational load, which might even be prohibitively large at the present time in the case of the sheet. Nevertheless, such a search should be made, even if only partial, since it has been recently suggested 25 that such bistability might be involved in ''triggered alternans '' 5,15,29 and in the conversion of discordant into concordant alternans. 25, 96 
D. Higher-order period-doubled rhythms
There are very few reports of higher-order perioddoubled rhythms in ventricular muscle in conditions predisposing to arrhythmias. In particular, we know of only one case-involving a toad ventricle driven at a progressively faster rate-in which arrhythmias occurred following a period-doubling cascade culminating in chaos ͑the sequence of rhythms seen was ͕1:1→2:2→4:4→chaos→ arrhythmias͖͒. 45 There are however isolated reports of period-4 rhythms ͑with traces consistent with periodquadrupled orbits, as in The relative rarity of these higher-order rhythms is almost certainly due to the fact that the range of the parameter over which they can be maintained is so very small. For example, in our 3 cmϫ3 cm sheet, the period-4 rhythm is maintained over a range of ͓K ϩ ͔ 0 of somewhere between 0.02 and 0.04 mM ͑Table I͒, a range so narrow that it virtually guarantees that the rhythm would not be seen in the corresponding experiment ͑the same conclusion also holds for the period-6 and period-8 rhythms, which exist over even narrower ranges of ͓K ϩ ͔ 0 ). Thus, in the real world of the clinic or the laboratory, one would expect to see a bifurcation gap, with a transition from 1:1 rhythm ͑with delayed activation͒ to alternans and then to complete block as ischemia progresses. This is exactly what has been described several times during ischemia. 6, 16, 18, 19 In our simulations we have not seen ''tripling,'' in which there is a period-3 rhythm, probably arising from 3:2 Wenckebach block or 3:1 high-grade block. 10, 21, 26 E. Period-doubling route to chaos?
The existence of period-2 and period-4 rhythms in ischemia, together with the experimental 42, [45] [46] [47] 88, 109 and modeling 97, 108, 128, 129 evidence for the period-doubling route to chaotic dynamics in cardiac tissue, leads very naturally to consideration of the possibility that the close temporal asso-ciation of ventricular fibrillation with alternans might be an indication that ventricular fibrillation is a chaotic phenomenon somehow arising out of a cascade of period-doubling bifurcations. 9, 32, 37, 38, 52, 53, 111 Our results in the larger sheet ͑4 cmϫ4 cm, with a 2 cmϫ2 cm ischemic area͒ and the corresponding strand might be taken as providing some support for this hypothesis, in that we see the sequence ͕period-1→period-2→period-4→period-8→¯͖. However, as for the transition from period-1 to period-2 rhythm discussed above, the transitions involving the higher-order rhythms are so very abrupt that we have not been able to document the existence of supercritical period-doubling bifurcations. In addition, in the smaller sheet ͑3 cm ϫ3 cm, with a 1 cm ϫ1 cm ischemic area͒ and the corresponding strand, the sequence departs from the classic period-doubling cascade, since a period-6 rhythm is interposed between the period-4 and period-8 rhythms. One theoretical possibility that would account for this difference is that the period-6 rhythm might be bistable with either the period-4 or the period-8 rhythm ͑or both͒, and so would be seen in some computations, but not others. Another possible reason for the absence of this rhythm in the larger sheet and strand is that we might have missed it in our computations ͑the period-4 rhythm goes to period-8 rhythm with a change in ͓K ϩ ͔ 0 of 0.005 mM in the sheet and 0.004 mM in the strand͒. As usual, there is of course no guarantee that numerical integration with finite precision will necessarily find all stable periodic orbits. A very large amount of computation will be required to determine the full two-parameter ͓͑K ϩ ͔ 0 , system size͒ bifurcation diagram, especially in the sheet, and even moreso should bistability exist. We anticipate that, as in prior studies, 43, 46, 108, 109 determination of the APD restitution curve and iteration of a finite-difference equation or map derived from it will be essential in order to make any headway in understanding the global organization of the bifurcation diagram.
While we have as yet no firm evidence of chaotic behavior in our simulations, there are several other modeling studies on spatially-extended electrophysiological systems showing apparently chaotic behavior, [56] [57] [58] 61, 90, 92, 108, [129] [130] [131] sometimes as the result of a period-doubling cascade. It is also quite possible that the spiral-or scroll-wave breakup seen in modeling work [56] [57] [58] [59] [60] [61] 113, 132 might be an example of ''extensive chaos,'' 133 perhaps corresponding to ventricular fibrillation.
F. Alternans and reentrant arrhythmias
''Clinically, the physician must recognize that electrical alternans in angina pectoris is a sign preceding sudden death.'' Kataoka and Yoshimura. 5 While we have seen several phenomena in our simulations corresponding to the prodroma presaging the imminent onset of reentrant arrhythmias in experiment ͑e.g., slowresponse action potentials, increased conduction delay, twocomponent upstrokes, retrograde propagation, concealed reentry, arcs of block, nascent spiral tips, alternans͒, these have not been followed by sustained reentrant rhythms. The major factor preventing reentry in our study seems to be that the ischemic zone is still refractory when retrograde invasion starts. We thus believe that reentry might occur should the size of the ischemic zone be made larger or additional interventions ͑e.g., acidosis and hypoxia͒ that are known to reduce APD and conduction velocity further within the ischemic zone included in the model. Indeed, while regional perfusion with a high-K solution mimics many of the phenomena seen in ischemia, including a phase of alternans preceding arrhythmia onset, 69 regional perfusion 68 or superfusion 134 with a high-K, acidotic, hypoxic, glucose-free solution more closely mimics the electrophysiologic changes seen during ischemia. In addition, acidosis can induce primary alternans in single ventricular cells paced at BCLϭ500 ms, 95 superfusion of ventricular muscle with either a hypoxic 135, 136 or acidotic 136 solution can induce alternans, and administration of sodium bicarbonate to correct acidosis can abolish ischemic alternans. 5 Further work attempting to induce reentry should thus use a more complicated model incorporating effects due to acidosis, hypoxia, and metabolic inhibition. [137] [138] [139] We anticipate that the onset of reentry will only occur following the induction of a 2:1 response in the ischemic core, because not only does the wavefront then have two broken ends ͓Fig. 1͑C͔͒ that could potentially curl up, forming the tips of two spiral waves, but the anterograde block within the ischemic zone would then result in a recovery time long enough to permit subsequent retrograde propagation through that area. 70 Another possible reason for the absence of arrhythmias in our study is that we have used a very simple form of large-scale inhomogeneity: a centrally-placed homogeneous square. However, the ischemic zone in reality is inhomogeneous, having a graded border zone with irregular boundaries and small-scale inhomogeneities in ͓K ϩ ͔ 0 that lead to significant dispersion of refractoriness, [65] [66] [67] which is the classic substrate for the formation of reentrant arrhythmias. Future modeling work should thus also investigate the extent to which a spatially-extended intrinsic border zone and smallerscale inhomogeneities are arrhythmogenic.
Our inability to observe reentry following alternans might nevertheless be consistent with experimental and clinical observations that arrhythmias do not invariably start up following alternans. In one experimental study, 72% of the occlusion episodes that did not eventually result in fibrillation nevertheless demonstrated alternans, and 33% of these episodes showed evidence of conduction block. 21 Alternans that is not detectable to the naked eye can be found in some patients at rest or during exercise in the absence of spontaneous arrhythmias. 140 The most obvious explanation for these results is that the ischemic insult was not profound enough to proceed beyond the stage of alternans ͑perhaps this is what is effectively happening in our simulations in which alternans is not followed by reentrant arrhythmias͒. In some clinical episodes of ischemia in which alternans occurs, but arrhythmias do not arise, prolongation of the duration of the ischemic episode can then bring about arrhythmias. 8 In experiments in which alternans does not culminate in arrhythmias, increasing the rate of pacing, which results in an increase in alternans amplitude, 12, 123 can then provoke arrhythmias. 18, 21 This might be the result of an increase in the amount of activation delay and in an extension in the size of the area of 2:1 block, or perhaps even the induction of primary alternans at the shorter BCL. In addition, there are cases on record in which the alternans appears and disappears, and arrhythmias then start up. 141 This could conceivably be due to an increased effect of ischemia leading to the alternans proceeding to the stage of complete block within the ischemic zone, which would then predispose to reentry.
Just as alternans does not necessarily proceed on to arrhythmias, alternans is not invariably seen before arrhythmias occur. There are several possible explanations for this finding. First, the period of alternans can be quite brief, and so it might be missed. 6 Second, the regions of alternans and 2:1 block might be too small in size to produce obvious alternation in the surface electrocardiogram. In an experimental study using voltage-sensitive dyes in the nonischemic heart, rapid pacing produced primary alternans at all sites, but alternans was not visible in the electrocardiogram until the BCL was decreased sufficiently ͑Fig. 4 of Ref. 105͒. In one clinical study on ischemia, moving the monophasic action potential electrode a distance of 1 cm away from the ischemic area resulted in the disappearance of alternans 10 ͑see also Refs. 27 and 30͒. These observations, taken together with our simulations showing that global 1:1 synchronization is lost when there is a sudden switch to period-2 rhythm within a relatively small area, support the use of sensitive signal detection techniques such as the power spectrum, 9, 13, 37 complex demodulation, 12, [32] [33] [34] and Karhunen-Loève decomposition 142 to detect occult alternans. A third explanation for the absence of alternans before arrhythmias are seen is simply that alternans does not exist before every ischemic arrhythmia occurs. In some instances of acute ischemia, 18, 26, 81 as well as in many instances during the later stages of myocardial infarction, 82, 143 arrhythmias are preceded by Wenckebach or 3:1 block, and not alternans. Again, this finding might be consistent with the results from studies on single ventricular cells, [84] [85] [86] isopotential aggregates of embryonic ventricular cells, 47 and the unmodified LR model, 86 where Wenckebach rhythms are seen only when the stimulus amplitude is very low.
While we have focused above entirely on ischemia, there is also evidence for alternans being associated with malignant ventricular arrhythmias in several other settings: e.g., hypothermia, 37 long-QT syndrome ͑see the references in Refs. 1 and 2͒, electrolyte imbalance ͑see the references in Ref. 1͒, administration of anti-arrhythmic drugs, 144 and fast pacing. 45, 105 The exact nature of any causal connection between alternans and malignant ventricular arrhythmiaspresumably spiral-wave reentrant in origin-in acute myocardial ischemia and these other situations remains to be clarified.
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